The length of an unconstrained viscoelastic damping layer on beams is determined to maximize loss factor using a numerical search method. The four-parameter fractional derivative model is used in order to accurately represent dynamic characteristics of the viscoelastic materials with respect to frequency and temperature. Equivalent flexural rigidity of the unconstrained beam is obtained using Ross, Ungar, Kerwin(RUK) equation. The loss factors of partially covered unconstrained beam are calculated by a modal strain energy method. Optimal lengths of the unconstrained viscoelastic damping layer of beams are identified with temperatures and thickness ratios of beam and damping layer by using a numerical search algorithm.
INTRODUCTION
Damping is the most dominant factor to the response of structural systems at near resonant frequencies. The bigger damping is that a smaller response can be achieved. Viscoelastic materials that have high loss factor are added to the structures to increase the damping. The viscoelastic damping layer can control passively the response of structures with low cost and high reliability. The unconstrained damping layer dissipates energy in a form of extensional deformation during vibration as shown in figure 1. The unconstrained damping layer is simple but inefficient from a weight point of view. However, the unconstrained damping treatments are more economical in costs of materials and application processes.
In this study, optimal configuration of unconstrained viscoelastic damping layer beams will be obtained according to temperatures. Nonlinear dynamic behavior of viscoelastic materials will be included in the optimization process using the four-parameter fractional derivative model in a finite beam element.
ANALYSIS OF BEAM WITH UNCONSTRAINED DAMPING-LAYER The Fractional Derivative Model
The viscoelastic materials such as natural rubbers, synthetic resins and adhesives show complex molecular structures. Dynamic characteristics of the viscoelastic materials in frequency domain can be represented using the complex modulus such as:
, σ and ε are the Fourier transforms of stress and strain, respectively.
E , E *
and η are the complex modulus, the storage modulus and the loss factor, respectively.
The complex modulus of the viscoelastic material is strongly dependent on temperature and frequency. Consequently, temperature and frequency effects on the material properties should be included in realistic problems. First, to consider effects of temperature on the damping behavior, there is a well-known temperature-frequency superposition principle that says the temperature effects can be converted to those of frequency. From the temperature-frequency equivalence hypothesis, the complex modulus values at any frequency 1 f and any reference temperature 1 T are identical to those at any other frequency 2 f and different temperature 2 T if we introduce a shift factor, ) (T 2 α such as:
(2)# where (T) fα is referred to as the reduced frequency. Therefore, preparing a master curve for the complex modulus of a viscoelastic material against the frequency at a reference temperature 0 T , we can easily predict the complex modulus at any different temperature using the sift factor.
The shift factor and temperature can be related by the Arrhenius equation such as:
where 1 d is a constant and 0 T is a reference temperature in degrees absolute. Next, in order to describe dynamic characteristics of the complex modulus of the viscoelastic materials mathematically, constitutive equations that relate stresses and strains should be known. The fractional derivative model represents the damping elements as a time derivative of order smaller than unity. The constitutive equation of the fractional derivative model of order one can be written as: 
is the gamma function. The complex modulus of the fractional derivative model can be obtained by the Fourier transforms of equation (4) as follows:
where ω is the angular velocity. Introducing the reduced frequency in order to consider temperature effects into equation (6), the complex modulus of viscoelastic materials are expressed as:
Four parameters,
and β , in equation (7) are usually identified by a suitable empirical way. It is well known that the four-parameter fractional derivative model is sufficient to represent the real behavior of viscoelastic materials over a wide frequency range.
Analysis of beams with unconstrained viscoelastic layer
Consider an unconstrained damping layer beam as shown in figure 1. The storage modulus and the loss factor of the viscoelastic damping layer are 2 E # and 2 η , respectively. The storage modulus, the loss factor and the second area moment of the base beam are . From the RUK equation the equivalent storage modulus of the unconstrained beam is the real part of equation (8), and the equivalent loss factor can also be obtained from the imaginary part of equation (8).
The unconstrained damping layer beams can be analyzed using a finite beam element formulation with the equivalent flexural rigidity. For a partially covered unconstrained beam, one can model the beam with finite beam elements with different stiffness values. Introducing a finite beam element that has flexural displacements and rotations, and ignoring the shear deformations because the unconstrained beams undergoes primarily the extensional bending, one can obtain the equations of motion such as: 
(10) where the subscripts real and imag mean the real and imaginary parts, respectively. Assuming a harmonic motion of the system, the corresponding eigenvalue problem can be written as:
where the vector, { } y , is the eigenvector and
is the eigenvalue. The eigenvalue problem of equation (11) is nonlinear equations because the stiffness matrix is a function of frequency due to the viscoelastic damping layer. In order to solve the nonlinear eigenvalue problem, one assumes a frequency, 0 f with a given temperature. Then one can evaluate the complex modulus of the viscoelastic material from equation (7), and consequently, one can calculate the equivalent stiffness of the elements from equation (8). Next, solving the linear eigenvalue problem of the assembled equation, one can obtain a new frequency and repeat iterations by updating the frequency. If the difference of frequencies during iterations converges to zero, the iteration stops and the eigenvalue and the eigenvector are available. The iteration procedure is summarized in figure 2 .
Fig. 2 Iteration procedure of the nonlinear eigenvalue problem
Damping treatments on structure is to maximize the loss factor of the overall structure, which is a measure to estimate how much energy is dissipated in a cycle. The loss factor of a structure for a vibration mode is defined as:
where k η is the loss factor of the k-th mode, p is the number of finite elements, j η is the loss factor of the j-th element, ej U is the strain energy of the j-th finite element, and U is the total strain energy. In order to calculate the modal strain energy of the viscoelastic damping layer beam, one should solve a complex eigenvalue problem. However the complex eigenvalue method is numerically inefficient as well as very expensive. Practically an assumption is itroduced that the complex eigenvectors can be approximated by the real eigenvectors, which is computed by suppressing the imaginary part of the complex stiffness matrix, [ ] K in equation (11). Many researchers have evaluated the real-eigenvector modal strain energy approach, and have shown that it is in agreement with the complex-eigenvector modal strain energy approach [Sun and Lu] . In this study, the real-eigenvector modal strain energy method will be used to evaluate the loss factor of the unconstrained damping layer beam.
LENGTH OPTIMIZATION OF THE DAMPING LAYER
The objective of damping treatment on structures is to maximize the loss factor of the structures. Assuming a uniformly-coated damping layer for a practical consideration, the optimal design problem of the unconstrained damping layout on beams can be defined as follows.# (13). In this study, IDESIGN [Arora] , that uses a quasi-Newton algorithm to reach the optimum, is used to solve the optimization problem of equation (13). The gradient information of the objective function is computed using the forward finite difference method.
To validate the optimization procedure of the system loss factor of the unconstrained damping layer beams, a numerical example is introduced as shown in figure 3 . In Fig. 3 An unconstrained damping layer problem
figure 3 a viscoelastic damping material, LD-400, is bonded on an aluminum beam. LD-400 is commercially available in the form of tile. The complex modulus and the shift factor of LD-400 are available in Reference [Jones] as follows: 
A finite beam element is developed to analyze the unconstrained viscoelastic damping layer beams using the Hermite cubic shape functions, and the overall loss factor is computed according to the proposed procedure. The damping-treated beam is modeled with 20 beam elements. It should be noted that the beam elements of the coated part and of the naked part have different stiffnesses and loss factors. Undamped eigenvalues and eigenvectors are calculated by solving the nonlinear eigenvalue problem defined by equation (11). Material properties used are listed in table 1. From the eigenvectors calculated, the overall loss factor of the unconstrained beam is estimated for the first mode using the modal strain energy method. Optimal lengths of the unconstrained damping layer that gives maximum loss factor for the first mode are determined. (13). The other is the case with the constant-volume constraint.
As a first case, the optimum lengths of the damping treatment are identified for the clamped-free boundary condition. Figure 4 shows the optimum lengths of damping treatment and corresponding loss factors and eigenfrequencies according to temperatures and thickness ratios. In figures 4 and 5, the coverage is defined as the ratio of the length of the damping treatment to the base beam length in percentage and the thickness ratio, h , corresponds to an initial thickness ratio when the coverage is 50%. As shown in figure 4(a), the optimal lengths for the maximum loss factor are strongly dependent upon the temperatures and the thickness ratios. It is also evident as shown in figure 4(b) that the larger thickness ratio gives much more damping.
Appling the constant-volume constraint in the optimization formulation, the optimal damping layouts for the first mode are also identified. In this case, increase of the length of the damping layer means decrease of the thickness of the damping layer. Figure 5 shows the optimal damping layouts and the corresponding loss factors for each temperature and thickness ratio in case of the clamped-free boundary condition. In figure 5 , one can see that the optimum layout is heavily dependent upon the temperature. It is also evident that the more damping material will give the higher loss factor for a fixed temperature. However, for a given amount of damping material the optimum coverage is getting smaller and the optimum height of damping layer is getting thicker in accordance with increase of temperature. Furthermore, the smaller the given amount of damping material is, the more concentration of the damping material occurs on the clamped side. 
CONCLUSIONS
Optimal lengths of the unconstrained viscoelastic damping layer of beams are identified with temperatures and thickness ratios of beam and damping layer. The four-parameter fractional derivative model is used to represent dynamic characteristics of the viscoelastic materials in order that the intrinsic non-linearities of real materials with respect to frequency and temperature can be included. Equivalent flexural rigidity of the unconstrained beam is obtained using Ross, Ungar, Kerwin(RUK) equation. It is shown that the optimal damping layout is highly dependent upon the temperature and the amount of damping materials and, therefore, the accurate representation of temperature and frequency characteristics of the viscoelastic materials is very important
